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Role of marginality in quantum fidelity and Loschmidt echo: Dirac points in 2-D
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We investigate the effect of marginality on the ground state fidelity and Loschmidt echo. For
this purpose, we study the above quantities near the quantum critical point (QCP) of the two-
dimensional (2-D) Dirac Hamiltonian in the presence of a mass term which is tuned to zero at the
Dirac point. An ideal example would be that of the low-energy carriers in graphene in which a
mass term opens up a band gap. This happens to be a marginal situation where the behavior of
the fidelity and the echo is markedly different as compared to that in the one-dimensional case.
We encounter this marginal behavior near the Dirac point, which is displayed in the absence of
a sharp dip in the ground state fidelity (or equivalently in the logarithmic scaling of the fidelity
susceptibility). Most importantly, there is also a logarithmic correction to the proposed scaling of
the fidelity in the thermodynamic limit which can not be a priori anticipated from the predicted
scaling form. Interestingly, a sharp dip in the ground state Loschmidt echo is also found to be absent
near this QCP, which is again a consequence of the marginality. We also explain the absence of a
sharp dip in both the fidelity and the Loschmidt echo close to the QCP in dimensions greater than
two.
PACS numbers: 64.70.Tg, 03.65.Pm
I. INTRODUCTION
The scaling behavior of different thermodynamic vari-
ables close to a critical point is strongly influenced by a
marginal situation. In this letter, we study howmarginal-
ity influences the ground state fidelity and the ground
state Loschmidt echo close to a quantum critical point
(QCP) [1–3]. We study the above quantities for two-
dimensional (2-D) Dirac Hamiltonians (DHs) close to the
QCP (which happens to be a Dirac point (DP) with a lin-
ear dispersion) for which exact analytical calculations (in
all limits) are possible.
It is worth mentioning that the one-dimensional (1-D)
and 2-D DHs have found a wide range of applications in
quantum condensed matter systems in recent years [4–6].
The low-energy physics of graphene [7], and of the bulk
states in 2-D topological insulators is described by a 2-D
DH [8, 9], and the 1-D edge states existing in a 2-D topo-
logical insulator system are described by an effective 1-D
DH [6]. QCPs of graphene (the gapless to gapped transi-
tion induced by a mass term) are 2-D DPs with linear dis-
persions. Experimentally, a gap can be opened in the oth-
erwise gapless linear band structure of graphene through
several methods e.g., by the application of an external
electric field to the graphene sheet [10]; this is mimicked
by adding a mass term to the DH which vanishes at
the gapless QCP. The experimental prospect of tuning
of parameters controlling these quantum phase transi-
tions (QPTs) in optical [11] and photonic lattices [12]
have made the study of these Hamiltonains also from the
viewpoint of quantum information timely and necessary.
In this letter, we study the ground state quantum fi-
delity [13–16] of a 2-D DH and show the difference in
results as compared to the 1-D case. We encounter
marginality in the behavior of the ground state fidelity
near the DP which shows up in a prominent way both
in the scaling of the fidelity susceptibility and the scal-
ing of the fidelity in the thermodynamic limit. Although
the marginal situation is indicated in the scaling of the
fidelity susceptibility, it is not a priori obvious that it will
influence the scaling in the thermodynamic limit as well
(We note that the fidelity susceptibility is proportional
to the density of defects generated by a sudden quench
across a QCP [17, 18]). We also study the scaling behav-
ior of the ground state Loschmidt echo (LE)[19] close to
the QCP of the 2-D DH. It shows a pronounced drop near
the QCP in the 1-D case but not in the 2-D case. This
occurs again due to the marginality of the 2D DH. We
also discuss the behavior of the fidelity and the LE for
a d-dimensional DP and explain how the marginal case
is different from the other situations. In short, we shall
show below that in the marginal situation the behavior
of the fidelity and the LE is strikingly different and is
dependent on an upper cut-off in momentum space. To
the best of our knowledge, this marginal situation is not
explored in details; the 2-D DH which is an integrable
model as well as reducible to a 2 × 2 form turns out to
be an ideal candidate to explore the role of marginality.
Moreover, it enables us to study the fidelity and the echo
close to a topological QPT.
The letter is organized in the following fashion. In
Sec. II, we introduce a tight binding Hamiltonian on a
honeycomb lattice and arrive at a massive 2-D DH. Sec.
III is devoted to the studies of the fidelity susceptibility
and the fidelity in the thermodynamic limit for the 2-
D DH while in Sec. IV we present the studies of the
ground state LE. The results obtained in Secs. III and
IV are generalized in Sec. V for a DP in d dimensions.
We summarize the main results of the paper and their
implications in the concluding section.
2II. MODEL
The 2-D DH with a mass term can be realised in con-
densed matter systems as the effective low-energy Hamil-
tonian of particles hopping on a honeycomb lattice with
unequal sublattice potentials:
H = −t
∑
~n,~δ
(
a†~nb~n+~δ + b
†
~n+~δ
a~n
)
+
∑
~n
(
µ1a
†
~na~n + µ2b
†
~nb~n
)
,
(1)
where ~n labels the bonds of the honeycomb lattice con-
necting sites on sublattices a and b and ~δ’s are the vec-
tors connecting the bonds involving the nearest neigh-
bor lattice sites; the case µ1 = µ2 represents the gapless
graphene Hamiltonian [4]. The low energy spectrum of
this Hamiltonian occurs in two distinct valleys at the cor-
ners of a hexagonal Brillouin zone, and is described by a
4×4 block diagonal Hamiltonian with two 2×2 blocks [4]:
Heff =
(
HD(~k) 0
0 H∗D(−~k)
)
; (2)
after appropriately rescaling units and ignoring contri-
butions proportional to the identity matrix, one arrives
at
HD =
(
m kx − iky
kx + iky −m
)
. (3)
The momentum ~k is measured with respect to the cor-
ners of the Brillouin zone. The particles in the two dis-
tinct valleys are thus independently described by mas-
sive 2-D DHs, where the parameter m is the Dirac
mass. This produces two bands with dispersions E±~k =
±
√
k2x + k
2
y +m
2, and displays a QCP (DP) at m = 0
(with the associated correlation length exponent ν = 1)
where the gap between the two bands vanishes (such as
in graphene). This is a topological phase transition char-
acterized by a change in the Chern numbers (or equiva-
lently, the Berry phase of modes near the critical mode
~k = 0) of the bands as m goes from negative to positive
values via the QCP.
III. GROUND STATE FIDELITY
The ground state quantum fidelity [13] (F ), which
measures the overlap between many-body ground states
at slightly different values of a parameterm of the Hamil-
tonian, is an important tool for detecting quantum phase
transitions [13–15, 20–23]: one can use the expansion
F = |〈ψ(m+δ)|ψ(m)〉|2 = 1−(δ2/2)LdχF (m)+..., where
δ(→ 0) is a small change in the parameter m and L is
the linear dimension of the d-dimensional system. One
also assumes a small system size limit and χF (m) is de-
fined to be the fidelity susceptibility density at m. The
quantum fidelity generally displays a marked drop as m
approaches the value mc at which the Hamiltonian has
a QCP. Likewise, χF usually scales in a universal power-
law fashion away from the QCP [21–26] as |m|νd−2; near
the QCP, χF ∼ L2/ν−d. We explore the marginal case
with νd = 2, using the example of the 2-D DH with a
mass term (since ν = 1), while the 1-D case has been
found to satisfy the proposed scaling relation [27]. It has
been shown for a one-dimensional quantum spin model
with νd > 2 that neither the fidelity nor the fidelity sus-
ceptibility is effective in detecting the critical point [28].
On the other hand, in the thermodynamic limit (L→
∞ and small but finite δ), one cannot use the fidelity sus-
ceptibility approach [29]. It has been conjectured that in
this limit, lnF ∼ −δνdLd at the QCP; this scaling has
been verified for the 1-D DH [27]. We shall show below
that the marginality shows up in the scaling of both the
fidelity susceptibility and the fidelity in the thermody-
namic limit.
One can get an exact expression for the ground state
fidelity F using the two-level nature of the Hamiltonian
(3). The ground state with a given number of modes is
|ψ(m)〉 =
⊗
2π/L<|~k|<kmax
|ψ−k (m)〉, (4)
where
|ψ±~k (m)〉 =
k√
2k2 + 2m2 ± 2m√k2 +m2
(
m±√k2+m2
kx+iky
1
)
.
(5)
The fidelity is thus given by a product over all relevant
modes up to a certain upper cutoff kmax ≤ 2π/a0 (where
a0 is the lower length scale in the problem, usually pro-
vided by the lattice spacing), which plays an important
role that is subsequently illustrated. The effect of finite
system size L is implemented in this continuum model
by using periodic boundary conditions, providing a lower
cutoff on the ~k modes given by 2π/L. We find
F =
∏
2π/L≤|~k|≤kmax
|〈ψ~k(m+ δ)|ψ~k(m)〉|2,
lnF =
(
L
2π
)2 ∫ kmax
2π/L
d2~k ln |〈ψ~k(m+ δ)|ψ~k(m)〉|2. (6)
Let us first consider the limit of δ ≪ 1/L, with finite L
and kmax, in which the notion of the fidelity susceptibility
is meaningful; we find
F = 1− δ
2L2
16π
(
m2
k2max +m
2
−
L2m2
4π2 + L2m2
+ ln
L2(k2max +m
2)
L2m2 + 4π2
) + ... (7)
3The fidelity susceptibility density then satisfies the fol-
lowing scaling relations:
χF ∼ 1
4π
ln
(
Lkmax
4π
)
, m≪ 1
L
≪ kmax
χF ∼ 1
4π
ln
(
kmax
m
)
, kmax ≫ m≫ 1
L
, (8)
while the first relation is valid close to the QCP, the sec-
ond one corresponds to the situation away from it. These
logarithmic scaling forms clearly indicate the marginal-
ity of the situation and the DH allows us to derive the
scaling form exactly. In the fidelity susceptibility limit,
there is a nominal drop in the fidelity close to the QCP
(see Fig. 1).
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FIG. 1: (Top panel) The ground state fidelity calculated for
δ = 0.001 and kmax = 2pi, with (a) L = 100 (fidelity sus-
ceptibility limit), (b) L = 2, 000 (an intermediate case), (c)
L = 10, 000 (thermodynamic limit). In all these cases, there
is no sharp dip at the QCP, and the fidelity starts to drop
from unity when |m| ∼ kmax. (Bottom panel) The fidelity
susceptibility density, as obtained from (7), for the case (a)
above, in which it is meaningful. This shows a peak at the
QCP (m = 0).
We now address the role of marginality in the scaling
of the fidelity in the thermodynamic limit, which is not
immediately obvious from the relation given above. Here,
the thermodynamic limit refers to the situation in which
kmax ≫ δ ≫ 1/L. Using the exact expression of the
fidelity obtained through (6), we find, at the QCP,
lnF =
L2δ2
8π
ln
(
2δ
kmax
)
. (9)
We therefore have a marginal logarithmic correction to
the expected δ2 scaling of the fidelity even in the ther-
modynamic limit. Away from the QCP, we have
lnF =
L2δ2
16π
[
k2max
k2max +m
2
+ ln
(
m2
k2max +m
2
)]
. (10)
Comparing Eq. (10) with Eq. (7), we find that lnF scales
in a similar fashion as χF (though the latter is defined
only in the limit of δ ≪ 1/L) as predicted [29]. As
kmax ≫ δ in all limits, the crossover from the fidelity
susceptibility limit to the thermodynamic limit occurs
when δ becomes of the order 1/L. This crossover from
the susceptibility limit to the thermodynamic limit as the
linear dimension L as well as kmax are increased is shown
in Fig. 2.
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FIG. 2: Crossover of the behavior of the ground state fidelity
at the QCP (m = 0) from the (a) non-thermodynamic (fi-
delity susceptibilty) limit, with L = 100 and kmax = 0.2pi
to the thermodynamic limit (c), with L = 100, 000 and
kmax = 200pi, via an intermediate case (b) with L = 2, 000
and kmax = 4pi. Here δ ranges from δ = δ0 = 0.001 to
δ = 0.01. It is clear from the figure that lnF scales as δ2
in the susceptibility limit and δ2 ln δ in the thermodynamic
limit.
IV. GROUND STATE LE
The LE [19] L(t) for a many-body ground state |ψ(m)〉,
evolved with two different Hamiltonians, one at m and
the other at m+ δ is the measure of the overlap given by
L(t) = |〈ψ(m)|eiH(m)te−iH(m+δ)t|ψ(m)〉|2. (11)
Usually, the LE, which can be shown to be related to the
static fidelity [13] shows a sharp dip in the vicinity of a
4QCP [30, 31]; this drop has also been detected experi-
mentally using NMR quantum simulator [32].
We calculate the LE for the massive 2-D DH for ar-
bitrary m and δ. The evolution with the Hamiltonian
H(m+ δ) for a mode |ψ−~k (m)〉 of the ground state at m
(i.e., of the Hamiltonian H(m)) is given by
e−iH(m+δ)t|ψ−~k (m)〉 =
∑
±
〈ψ±~k (m+ δ)|ψ
−
~k
(m)〉
× e−iE±~k (m+δ)t|ψ±~k (m+ δ)〉. (12)
Using (4), (5) and (11), we obtain
L(t) =
∏
2π/L<|~k|<kmax
[
1− k
2δ2 sin2(
√
k2 +m2t)
(k2 +m2)(k2 + (m+ δ)2)
]
.
(13)
This can be evaluated in a similar manner as done for
the fidelity, by taking its logarithm and converting the
product to an integral. The echo shows a negligible dip
close to the QCP for the 2-D DH; this again reflects the
marginality of the situation to be discussed in the next
section. On the other hand, one finds a sharp dip at the
QCP in 1-D case (See Fig. 3). The early time (t → 0)
evolution of L(t) can be obtained analytically, and decays
with time in a Gaussian manner, with a rate proportional
to the phase space volume (kmaxL)
2 near the QCP (m→
0):
L(t) = exp
[
−L
2k2maxδ
2t2
4π
]
. (14)
V. GENERIC BEHAVIOR OF THE FIDELITY
AND THE LE IN ARBITRARY DIMENSIONS
Both the ground state fidelity and the ground state LE
of the 2-D DH do not display a sharp dip near the QCP,
as opposed to the 1-D case. Instead, these quantities
start dropping away from the QCP, when m becomes
comparable to kmax (See Fig. 1). However, the fidelity
susceptibility density still displays a noticeable peak at
the QCP. We shall show below that this is a consequence
of the marginality of the 2D case; for d > 2, the fidelity
and the LE will again show similar behavior, but the
fidelity susceptibility will cease to show a peak at the
QCP.
Both lnF and lnL(t) can be written in the following
form (see (6) and (13)):
G =
(
L
2π
)d ∫ −√k2max+m2
−
√
(2π/L)2+m2
dǫD(ǫ)g(ǫ), (15)
whereD(ǫ) ∝ |ǫ|(ǫ2−m2)d/2−1, is the density of states for
the massive Dirac dispersion in d dimensions, and g(ǫ) ≤
(a)
(b)
FIG. 3: (a) The ground state LE of the massive 2-D DH.
Like the fidelity, the LE also does not show a sharp dip near
the QCP (m = 0). It has a Gaussian early time decay for
values of m close to the QCP. Here δ = 0.001, L = 100 and
kmax = 0.2pi. The scale τ is set by the early time decay
L(t) = e−δ
2(t/τ)2 . (b) The same for the massive 1-D DH,
with the same values of δ, L and kmax. The dip near the
QCP is sharp.
0, is the logarithm of the term involving the respective
overlap of the states with energy ǫ.
For 1/L≪ m≪ kmax, one can work out how sensitive
these quantities are to changes in m:
dG
dm
∝ D(−m)g(−m) ∝ lim
ǫ→−m |ǫ|(ǫ
2 −m2)d/2−1g(−m).
(16)
For d < 2, the density of states is singular at ǫ = −m, im-
plying a large sensitivity to small changes in m near the
QCP, and producing a sharp dip in the fidelity and LE.
For d = 2, D(−m) = m, drastically reducing the sensi-
tivity of G to changes inm near the QCP and eliminating
the sharp dip; however, χF ∼ lnF ∼ G is still sensitive
enough to m to display a peak at the QCP (Figs. 1 and
3). For d > 2, D(−m) = dG/dm = 0, and there is nei-
ther a dip in the fidelity and LE nor a spike in χF as
m→ 0.
Very far away from the QCP (m ≫ kmax ≫ 1/L),
G is trivially zero and both the fidelity and the LE are
hence insensitive tom and equal to unity. However, when
m ∼ kmax ≫ 1/L, dG/dm ∼ md−1g(−m) (a finite nega-
5tive value) producing a drop in the quantities from unity.
This drop grows stronger as the number of dimensions is
increased. It is to be noted that the nature of this drop
is not universal; rather it is a characteristic of the Dirac
spectrum.
VI. CONCLUSION
In conclusion, the 2-D DH turns out to be an ideal
model to explore the subtle effects of marginality on the
ground state fidelity and the LE close to the QCP. The
marginality is reflected in the absence of a sharp dip close
to the QCP at m = 0. The fidelity susceptibility shows
a peak right at the critical point which becomes more
prominent if the cutoff kmax is increased (i.e., the high
energy modes are incorporated). This already shows that
unlike in 1-D, the high energy modes play a dominant
role in the 2-D case, and hence the results crucially de-
pend on the cutoff kmax. Both the scaling of the fidelity
susceptibility and the fidelity in the thermodynamic limit
bear the signature of marginality: while the former shows
a logarithmic scaling (with L and m in the appropriate
limits) there is a logarithmic correction in the latter. To
explain the results from a general perspective, we con-
sider a DP in an arbitrary number of dimensions. An-
alyzing the generic form of the logarithm of the fidelity
(or the LE), and using the form of the density of states of
the massive DH, we arrive at the following conclusions:
for a DP in d = 2 there is no sharp dip in the fidelity (in
all limits) and the LE close to the QCP; the fidelity and
the LE instead start to drop away from the QCP (when
|m| ∼ kmax); this behavior will persist for d > 2. This
drop (away from the critical point) is negligibly small for
d = 1, where one observes a sharp dip at the QCP only.
The fidelity susceptibility, on the other hand, shows a
peak right at the QCP (thus enabling one to detect it)
in the marginal case; however, this peak will be absent
in dimensions higher than two. It would be interesting
to probe similar effects of marginality for models with
ν 6= 1.
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